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Abstract The generalized ray method (GRM) has been successfully used to study the transient
elastic wave transmitting in the beams, planar trusses, space frames and inﬁnite layered media. In
this letter, the GRM is extended to investigate the early short time transient responses of laminated
composite cylindrical shells under impact load. By using the Laplace transformation and referring to
the boundary conditions, the ray groups transmitting in the ﬁnite laminated cylindrical shells under
the shock load are obtained and the transient response related to each ray group can be derived
via FFT algorithm. From the numerical results, it is shown that the early short time transient
accelerations of the laminated composite cylindrical shell under impact loads are very large. But the
short time transient shear strain and displacement are very small. c© 2011 The Chinese Society of
Theoretical and Applied Mechanics. [doi:10.1063/2.1103104]
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The laminated composite cylindrical shell is widely
used in the spacecraft structures such as the rockets and
missiles with initiating explosive devices. The high level
acceleration in very early short time can be produced by
the shock of the initiating explosive devices, which may
cause the damage to the sensitive instruments housed
in the structures. So it is very important to investigate
the early short time transient waves propagating in the
ﬁnite shell structures.
The transient responses of structures can be investi-
gated by the modal analysis technique1−3 and the wave
propagation method.4−7 However, it is diﬃcult to calcu-
late the high frequency component of the impact signal
by the modal analysis technique. The generalized ray
method (GRM) and the method of reverberation ray
matrix (MRRM) are usually used to study the transient
elastic wave transmitting in structures, and they can be
eﬀectively used to analyze the early short time tran-
sient responses of the structures subjected to impact
loads.4−7 Up to now, the GRM and MRRM have been
eﬀectively used to study the transient wave propaga-
tion in beams, planar trusses, space frames and inﬁnite
layered media. To our best knowledge, however, few
works have been published on the transient wave prop-
agation in ﬁnite laminated composite cylindrical shell
under impact load by the GRM.
In this paper, the transient wave propagation and
early short time transient response in ﬁnite laminated
composite cylindrical shells subjected to impact loads
are investigated by the GRM. The ﬁrst order shearing
dynamic model of laminated composite cylindrical shell
is obtained in the Laplace phase space. The source ray
group and reﬂected ray groups can be determined by the
equilibrium equations of impact source and boundary
conditions. The early short time transient responses
are numerically calculated and analyzed.
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Fig. 1. A ﬁnite long laminated composite cylindrical shell.
A ﬁnite long laminated composite cylindrical shell
is considered as shown in Fig. 1.
Considering the transverse shear and rotatory
inertia, the dynamic equations of laminated cylindrical
shells in the Laplace domain can be expressed as8−10
∂Nxx
∂x
+
1
R
∂Nxθ
∂θ
= p2(I1u¯+ I2ψ¯x), (1)
∂Nxθ
∂x
+
1
R
∂Nθθ
∂θ
+
1
R
Qθ = p
2(I1v¯ + I2ψ¯θ), (2)
∂Qx
∂x
+
1
R
∂Qθ
∂θ
− 1
R
Nθθ = I1p
2w¯, (3)
∂Mxx
∂x
+
1
R
∂Mxθ
∂θ
−Qx = p2(I2u¯+ I3ψ¯x), (4)
∂Mxθ
∂x
+
1
R
∂Mθθ
∂θ
−Qθ = p2(I2v¯ + I3ψ¯θ), (5)
where Nxx, Nxθ, Nθθ, Qx, Qθ,Mxθ, Mxx and Mθθ are
the force and moment components of the laminated
cylindrical shell, u¯, v¯, w¯, ψ¯x and ψ¯θ are the Laplace
transforms of displacements u, v, w, ψx and ψθ, and
Ii (i = 1, 2, 3) are the inertia terms for the laminated
cylindrical shell.
The wave solutions of the displacements for the lam-
inated cylindrical shell can be expressed as
u¯ =
∞∑
n=1
(αinaaine
λinx + αinddine
−λinx) cosnθ, (6)
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where n is the circumferential modal number, λin is the
axial wave number, ain and din(i = 1, 2, . . . , 5) are the
amplitude coeﬃcients of the left-travelling and right-
travelling waves, respectively, and αina, αind, βina, βind,
γina, γind, χina and χind can be determined from Eqs.
(1)–(5).
In term of the displacement vector W¯ = {u¯, v¯, w¯,
ψ¯x, ψ¯θ}T, the displacement of the arbitrary point (x, θ)
in the composite laminated cylindrical shell can be writ-
ten as
W¯n = YnAnδPn(−x)an + YnDnδPn(x)dn, (11)
where W¯n is the displacement vector of the nth
circumferential mode, Yn = diag[cos(nθ), sin(nθ),
cos(nθ), cos(nθ), sin(nθ)], Pn(x) = diag[exp(−λ1nx),
exp(−λ2nx), exp(−λ3nx), exp(−λ4nx), exp(−λ5nx)] is
phase propagation matrix, and Anδ and Dnδ are the
displacement coeﬃcient matrices.
The dynamic response of the ﬁnite composite lam-
inated cylindrical shell is the superposition of the ray
groups produced by the excitation sources and struc-
tural boundaries. The source ray group can be gener-
ated by the impact load, and be expressed as
W¯ 0=
∞∑
n=1
Yn[AnδPn(x0−x)Snl+DnδPn(x−x0)Snr],
(12)
where W¯ 0 is the source ray group transmitting in the
inﬁnite laminated cylindrical shell, and Snr and Snl are
the right-travelling and left-travelling ray group ampli-
tude vector caused by the impulse load, which can be
determined by the continuous condition of the impact
load.
As the source ray group W¯ 0 propagating to the
edges of the laminated cylindrical shell, we have
W¯ 1(x, θ, p)=
∞∑
n=1
Yn{Anδ[Pn(Lx−x)RRnPn(Lx)]·
Pn(−x0)Snr +Dnδ[Pn(x)RLn]Pn(x0)Snl},
(13)
W¯ 2(x, θ, p)=
∞∑
n=1
Yn{Dnδ[Pn(x)RLnPn(Lx)RRn ·
Pn(Lx)]Pn(−x0)Snr+Anδ[Pn(Lx − x) ·
RRnPn(Lx)RLn]Pn(x0)Snl}, (14)
where RRn and RLn are the reﬂection matrices which
can be determined by the boundary conditions, and
W¯ 1(x, θ, p) and W¯ 2(x, θ, p)are the second and third ray
groups scattered at the edges of the composite cylindri-
cal shell. The dynamic response of the laminated cylin-
drical shell under the shock load can be obtained by the
superposition of all the ray groups propagating in the
ﬁnite laminated cylindrical shell. It can be written as
W¯ (x, θ, p)=W¯ 0(x, θ, p)+
∞∑
n=1
Yn{[AnδPn(Lx− x)·
RRnPn(Lx) +DnδPn(x)Tn]·
M∑
m=0
(Tn)
mPn(−x0)Snr+
[AnδPn(Lx − x)RRnPn(Lx) +DnδPn(x)]·
M∑
m=0
(Tn)
mRLnPn(x0)Snl},
(15)
where Tn = RLnPn(Lx)RRnPn(Lx) is the reverbera-
tion matrix of the nth mode for the ﬁnite laminated
cylindrical shell, and M is the number of the reverber-
ation matrix, which is a small integer for calculating
the early short time transient response. The transient
response of the ﬁnite laminated cylindrical shell can be
investigated by the inverse Laplace transforms of the
ray groups in Eq. (15). The early short time transient
response of the structures can be determined by the ini-
tial few ray groups, and other ray groups after the ob-
servation time can be omitted.4 In the paper, the FFT
algorithm is used to calculate the early short time tran-
sient response of the ﬁnite long composite cylindrical
shell.
In order to illustrate the validity of the present anal-
ysis, Table 1 shows the present results of the ﬁrst nat-
ural frequencies comparing with those from diﬀerent
theories in Refs. 10,11. The stacking sequence of the
laminated shell is [90/0/90]. The material and geomet-
ric parameters of the shell are E11 = 40E22, κ = 5/6,
G12 = G13 = 0.6E2, G23 = 0.5E2, h/R = 0.2.
In Table 1, the frequency parameter is ω∗ =
ωL2x
√
ρE2/h. PAR (parabolic), HYP (hyperbolic) and
UNI (uniform) denote the shape functions of shear de-
formation, and PSDT denotes the parabolic shear defor-
mation shell theory.11 The two edges of the laminated
cylindrical shell are simply supported. It can be seen
that the natural frequencies caculated by the present
theory is consistent with those given by other shear
deformation theories even for a short and thick lami-
nated cylindrical shell, which veriﬁes the validity of the
present analysis.
In Figs. 2–5, the transient responses of ﬁnite
laminated composite cylindrical shell are calculated.
The stacking sequence of the laminated shell is
[0/90/0/90/0]. The left edge is free and the right
one is ﬁxed. The material and geometric properties of
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Table 1. Comparison of the ﬁrst natural frequencies of the
laminated composite cylindrical shell under diﬀerent shear
deformation theories.
Theory Lx/R = 1, n = 2 Lx/R = 2, n = 2
PAR 9.97 17.16
HYP 9.99 17.16
UNI 9.99 17.16
PSDT 10.07 17.77
Ref. 10 10.044 6 17.786 1
Present 10.114 1 17.307 3
Fig. 2. The early short time transient radial shear strain re-
sponse of the point (x=1m, θ = 0◦) for diﬀerent ray groups.
the composite laminated cylindrical shell are given as:
Lx = 2 m, h = 0.005 m, R = 0.5 m, E11 = 14.34 GPa,
E22 = 5.1 GPa, G12 = 1.86 GPa, G13 = 1.86 GPa,
G23 = 0.89 GPa, v12 = 0.35, ρ = 1 390 kg/m
3. The
transverse shock force F = F0q(t) is located at x0 = 0
and θ0 = 0
◦ of the left edge, where F0 = 1 N and
q(t) = δ(t) is the unit impulse function without speciﬁc
explanation. The circumferential wave number is n = 4.
In Figs. 2 and 3, the early short time transient shear
strain and displacement responses of the point (x = 1 m,
θ = 0◦) in the laminated composite cylinder for diﬀerent
ray groups are computed by the GRM. The minimal
arrival time are about 0.36 ms, 1.1 ms and 1.8 ms for
the source, second and third ray groups, respectively.
As shown in Fig. 2, the maximal peak value of the
radial shear strain is about 0.023 which is at about
t = 0.93 ms. However, the maximal peak value of ra-
dial displacement does not appear at the same time of
the radial shear strain, which is about 6.6 × 10−4 m
at the time t = 8 ms for the source ray group shown
in Fig. 3. It indicates that the maximal peak value of
the radial shear strain appears at the front of the early
short time transient response, while that of radial dis-
placement doesn’t appear at the front of the transient
response.
In Figs. 4 and 5, the early short time transient
radial acceleration responses at the point (x = 1 m,
θ = 0◦) of the laminated composite cylinder shell for
diﬀerent ray groups and the sum of diﬀerent ray groups
Fig. 3. The early short time transient radial displacement re-
sponse of the point (x=1m, θ = 0◦) for diﬀerent ray groups.
Fig. 4. The early short time transient radial acceleration
response at point (x=1m, θ = 0◦) for diﬀerent ray groups.
Fig. 5. The early short time transient radial acceleration
response at point (x=1m, θ = 0◦) for the sum of diﬀerent
ray groups.
are calculated by the GRM, respectively. The maximal
peak value of the radial acceleration is about 2.1×107
m/s2 at the time t = 0.93 ms, which is much larger than
those of the radial shear strain and radial displacement.
It shows that the maximal peak value of the acceleration
031004-4 C. C. Liu, F. M. Li, and W. H. Huang Theor. Appl. Mech. Lett. 1, 031004 (2011)
appears at the front of the transient response, and it is
much larger than the strain and displacement.
The GRM is extended to investigate the transient
wave propagation and early short time transient re-
sponses of ﬁnite laminated composite cylindrical shell
under shock load. The ray groups for the GRM can be
determined by the shock source and boundary condi-
tions. From numerical results, conclusions can be drawn
as follows. The early short time transient responses of
ﬁnite laminated composite cylindrical shell under arbi-
trary shock load can be eﬀectively studied by the GRM.
The maximal peak values of the radial acceleration and
shear strain appear at the front of the early short time
transient response, while the maximal peak of displace-
ment does not appear at the front of the transient re-
sponse. The early short time transient acceleration of
the ﬁnite laminated composite cylindrical shell under
sharp impulse load is much larger than the strain and
displacement.
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